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Abstract 

A class of classical solutions to the ^^-Painleve equation of type (Ai + A'[)*'' (a (7-difference analog of the 
Painleve II equation) is constructed in a determinantal form with basic hypergeometric function elements. The 
continuous limit of this ^-Painleve equation to the Painleve II equation and its hypergeometric solutions are 
discussed. The continuous limit of these hypergeometric solutions to the Airy function is obtained through a 
uniform asymptotic expansion of their integral representation. 

1 Introduction 

In this article we consider the following 



where t is the independent variable 

l^qt, f = tlq, F = F{t), F = F{qt), F = F{t/q), (2) 

with \q\ < 1 and a is a parameter. Equation Q was identified as one of the ^-difference Painleve equations by 
Ramani and Grammaticos f 261 with a continuous limit to the Painleve II equation (Pn). In this sense eq.Q is 
sometimes regarded as a ^-analog of Pu. Sakai formulated the discrete Painleve equations as Cremona transfor- 
mations on a certain family of rational surfaces and developed their classification theorv l30l . According to this 
theory eq.Q is a discrete dynamical system on the rational surface characterized by the Dynkin diagram of type 
Ag which posseses the symmetry of the affine Weyl group of type (Ai + A\y^\ Equation Q may be denoted as 
dP(Ag ') by the notation adopted in |20|. Although eq.Q is the simplest nontrivial ^-difference Painleve equation 
that admits a Backlund transformation only a few results are known - its continuous limit|26| and its simplest 
hypergeometric solution[28, 8„_9J. The first purpose of this article is to construct "higher-order" hypergeometric 
solutions to eq.Q explicitly in determinantal form. 

The second purpose of this article is to consider the continuous limit in some detail. The limiting procedure 
works well on the formal level of the defining ^-difference equation however naive application of the procedure 
does not work on the level of their solutions. The application of the continuous limit to the series representation 
of the basic hypergeometric functions that appear in the solutions does not yield the Airy functions which are the 
hypergeometric solutions of Pn. To obtain the valid limit we follow the procedure used by Prellberg|25| - we 
construct an appropriate integral representation of the function and derive an asymptotic expansion by applying a 
generalization of the saddle point method. 

Our paper is organized as follows. In section 2 we construct hypergeometric solutions to eq.([T). The simplest 
solution is obtained in section 2.1, and determinant formula of "higher-order" solutions is presented in section 2.2, 
whose proof is given in section 2.3. In section 3 we consider the continuous limit as ^ — > 1". The limit on the 
formal level is discussed in section 3.1. We discuss the limit on the level of hypergeometric functions in section 
3.2. Section 4 is devoted to concluding remarks. 



^'-difference equation 

[FF-l)iFF-l)^-^^, (1) 
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2 Hypergeometric Solutions and Their Determinant Formula 
2.1 The Simplest Solution 

The simplest hypergeometric solution to eq.Q is obtained by looking for the special case where it reduces to the 
Riccati equation. Then by linearizing the Riccati equation we obtain a second order linear ^'-differential equation, 
which admits basic hypergeometric functions as solutions. 

Let us first recall the definition of the basic hypergeometric seriesBl 

/ au...,ar \ v (ax,. . .,ar;q)n r „ „ 



where 



(ai, . . .,ar;q')„ = ]~~[(fl/;q')„, (a; = (1 - fl)(l - ^a) ■ ■ ■ (1 - / 'a). (4) 



Then the simplest hypergeometric solution to eq.Q is given as follows (see also 1^1^ 1281 ): 
Lemma 2.1. £^.0 admits the following particular solution for a — q: 

F^^, (5) 

where ip{t) satisfies the linear q-difference equation 

^ + fl/r = l/'. (6) 

The general solution ofeq.^ is given by 

t//it) = A 1(^1 j -q, -qt^ + B e^'S? J ; q, qt^ , (7) 

where A and B are arbitrary q-periodic functions. 

Proof. It is easy to see that if F is the solution of the Riccati equation 

F^j-qt, (8) 

then F satisfies eq.Q with a - q. Equation ^ can be linearized via eq.(|5} to eq.(|6|l by putting F - (pjif/ and 
equating the numerators and denominators of both sides. 

oo 

\\\' next substitute - H ^nt" into eq.(|6j. Then we have q^P - 1, which implies p - (m e Z). 
Furthermore we deduce a recursion relation for a„ from eq.(|6j 

1 - q^" 



Accordingly we obtain two fundamental solutions to eq.(|6j as 

- (-l)«fl«(«-l)/2 .log, ^ (_l)«fl«(«-l)/2 



«=0 „=o 
for m = 0, 1 respectively. This completes the proof of Lemma lCTI □ 
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2.2 Backlund Transformation and Determinant Formula 

Sakai constructed the following transformations for the homogeneous variables x, y, z and the parameters cii, b 
on the A^y^ type (Mul.7) surface': 



cr : (ai,aQ,b ; x : y : z) i-> (ao,ai,aib ; z(z + x) : bx(z + x) : yz) 
O"(i5)(24)(60) : (ai,ao,b ; X : y : z) 

(l/flo, l/ai,b ; z(x + z)(x + y + z): y((z + bx)(x + z) + yz) : bx(x + z)^) 
wi : {auao,b ; x : y : z) >-> {llax,a\aQ,a\b ; x(y + aiz) -.yiy + z): a\ziy + z)) 

Wo - cr(i5)(24)(60)WiCr(i5)(24)(60)- 



(9) 



The action of cr^ 

cr^ : (ai,ao,b ; x : y : z) ' 
gives rise to eq.Q by putting 



(ax,aQ,aQayb ; yz {x+y + z) '■ a^bz (x + y + z)(x + z) : bxyz(x + z))- 



a = I — 

fli 



1/2 



r h2 \ 



t - 



1/4 



^ = (flOfll) 



1/2 



F = 



,1/4 

«{) \ y 



fli 



(10) 



(11) 



Note that these transformations satisfy the fundamental relations, 

2 2 2 2 2 2 

Wq = W[ = 1, W()Cr = cr Wo, W\cr - cr W\. 

Then wo and w\ can be regarded as Backlund transformations of eq.Q. In particular, the action ofT- crwi is 
given by 



T(a) = q^a, T(t) = t, T(F) 



qatF + FF -1 



(12) 



(FF - l)itF + FF-1) 

Therefore applying T to the "seed" solution in Lemma IZTI we obtain "higher-order" hypergeometric solutions to 
eq.Q expressible in terms of a rational function of t// for a = q^^'^^ (N e Z). It is observed that the numerators and 
denominators of such solutions are factorized and those factors admit the following Casorati determinant formula. 

Theorem 2.2. For each N eZ, we define T^it) by 



TN(t) 



ilf{q-h) 



ilfiqh) 
ifriqt) 



lj/(q-^^h) ip(q-^^h) 
1 

ifr(q-h) >J/(q-h) 
m ilj{q-h) 



i//{q'^-^t) (A(^"-*0 



M-4, 



il^iq'-^-h) 



ij/(q-^^^h) 
l//(q-^^^h) 



ifriq-'^t) 



(N > 0), 



(A^ = 0), 



(13) 



(M ^-N, N < 0). 



Then 



Fit) 



J_ TN(t)TN+l(qt) 

q^ TN(qt)TN+i(t) 

1 TN(t)TN+l(qt) 



^^+1 TN{qt)TN+l{t) 



(N > 0), 



(A^ < 0), 



(14) 



satisfies eq. with a - q 



2N+1 



'Actions of these transformations are modified from the original formulae in t30i so that they are subtraction-free. Some typographical 
errors have been also fixed. 
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Theorem l2.2l is the direct consequence of the following proposition. 
Proposition 2.3. The t^v satisfy the following bilinear q-dijference equations ofHirota type: 
(1) N>0 

q^^TN+i(t/q)TN(q^t) - q^t TN+i(t)TN(qt) - TN+i(qt)TN(t) = 0, 



q^'^TN+i(t/q)TM(qt) - q^"t TN+i(t)TN(t) - TN+i(qt)TN(t / q) = 0. 



(2) N <0 



q^"^^TN+i(t/q)TN{q^t) + q"^'t TN+i{t)rN{qt) - rN+\{qt)TN{t) = 0, 
q^'^^^TN+i(t/q)TN{qt) + q^'^^U TN+i(t)TN(t) - TN+i(qt)TN(t / q) = 0. 



(15) 
(16) 



(17) 
(18) 



In fact one can derive Theorem l2.2l from Proposition l2.3l as follows: for N > the biUnear equations eas. (ll5> 
and J16> can be rewritten as 



iJNiqt) \ fj-Nit) 
respectively by introducing the variables 



2N _ m+l(t/q) I iV , m+l(t) \ _n. 2N _ 2iV, l^N+\{tlq) _ VNiqf) _ 

^ .. K f+ .. ... 1-^' ^ ^ f VNitlq)-''' 



^^(0 = —rr^ i^N(t) 



Putting 



TN{t) T^it) 
1 V^iqt) 1 TM+l(qt)TN(t) 



(19) 



(20) 



(21) 



(22) 



q^ VN(t) q^ TN+i{t)TN{qty 
and eliminating hn and jiN+i from ea.( ll9> through the use of the identity 

VNiqt) _ MN+l(t) 
VN(t) flN(t) 

we obtain eq.Q with a - q^^^^ . The case of < can be verified in the same way. 

2.3 Proof of Proposition 

Our basic idea for proving Proposition l2.3l is to use a determinantal technique. Bilinear ^-difference equations are 
derived from the Pliicker relations which are quadratic identities among determinants whose columns are shifted. 
Therefore, we first construct such "difference formulas" that relate "shifted determinants" and tn by using the 
^-difference equation of if^. We then derive bilinear difference equations with the aid of difference formulas from 
proper Pliicker relations. We refer to f7l llOl[T2lll3ll21l for applications of this method to hypergeometric solutions 
of other discrete Painleve equations. 

Let us consider the case of > 0. We first introduce a notation for the determinants 



Tiv(f) = 



lf,(q-'t) 



il/{qt) 



tl/(q-''^'t) ^{q-'^^'t) 



where denotes a column vector 



>P(q^^-h) 



Hq'-'t) 

{ il^ig'-^^'t) ) 



^\^(>,^2,...,^2N-2\, 



(23) 



(24) 



Here the height of the column vector is however we employ the same symbol for determinants with differing 
heights. 
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Lemma 2.4. The following formulas hold: 



\^>a,'i'2,...,^2N-2\^TN(t\ 



(25) 
(26) 
(27) 



w/iere denotes the column vector 



Proof Using the linear equation eq.(|6j for tp on the A^-th column of the determinant ea. (l23> we find 



ip{q-'t) 



Hqt) 



iPiq^^'-h) ^(q^^'-^t) - q^'^-^tiPiq^^'-^t) 



ipiq-'^^h) iPiq-^^^t) 



iPiq'^-h) 



m 

iP(q-'t) 



iPiqh) 
tfriqt) 



ipiq-'^^h) ip{q-^^^t) 



ipiq 

-q^'^-hllfiq^^-h) 
-q^^-^tllfiq^'^-^t) 



t) - q^'-hipiq^-'t) 



Applying the same procedure from the (A^ - l)-th column to the second column we have 



Tiv(f) = 



iPiq-h) 



-qtij/iqt) 
-tili(t) 



-q^^'-hiPiq^'^-h) 
-q^^'-^tiPiq^^'-^t) 



(A(?-^+') -q-^^h^iq-^'^^t) ... -q^'-^tipiq^'-^t) 



iPiq-'t) 



Hqt) 

q-'m 



ipiq-^^'t) q-^^^ilj{q-^^^t) ■ 

(A(f) ijfiqt) 
qMq'h) Mt) 

q'^-^lff(q-^+h) i//(q-^^h) 

(-tf-^q(^-^>(^-^y^\%,,^',,^^,,...,^^2N-3 



<A(^2A^-3f) 
q-^lffiq^'^-'^t) 

^-^+i.A(^^-2j) 

■ ■ iff(q^'^-^t) 



(28) 



which is nothing but ea.( l26> . At the stage where the above procedure has been employed up to the third column 
we have 



Tw(f) 



m 

lf,(q-'t) 



>p{qh) 
iPiqt) 



-q'tijjiq^t) 
-qhijjiqh) 



-q^^-hljj{q^^-h) 
-^2^-4f(^(^2^-4f) 



ip{q-^^^t) iff(q-^^h) -q-^^^t^{q-^^''t) ... -q^-^tip(q^-^t) 
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Using eq.(|5) on the first column, we obtain 



^{q^t) + qttfriqt) 
t/ziql) + ttf/{t) 



ifr(qh) 
ip(qt) 



-q^ti//(q^t) 
-q^ttpiq^t) 



ipiq-^'^'t) + q-'^^^tiff{q-'^^^t) ^{q-^^^t) -q-'^+''tif/{q 



-N+4 



^ ^_l-f-2q{N-\)(N-2)l2jN-l 



lf/(qt) 

m 



q^iqt) 



t) 

ilf(qh) 



if/{q-^+'t) q^-'ilfiq-''+'t) ipiq-^^^t) 



2N-3 



which is eq. i21i . □ 

Now consider the Pliicker relation. 



= |>l'_i,To,^i,...,^2W-5 |X| Yl,^3,...,T2M-3 
- |?o,*I'l,*P3,...,*F2M-5,0|x|»I'_,,^l,>P3,..., 
+ |T_i,^i,>P3,...,'P2iV-5,0|x|?„,>Pi,>P3,..., 

for an arbitrary column vector (f>. In particular by choosing (p as 



*P2M-3 



' ^ 1 




f ^ 1 











or 











. 1 . 




. 1 . 



-q^'-^ifjiq^-^t) 

ili{q^^-^t) 
^{q^^-'t) 



ilf(q''-h) 



and applying Lemma l2r4l we obtain ea.( ll5> from the former and ea.( ll6> from the latter, respectively. The case of 
N < can be proved in a similar manner. This completes the proof of Proposition l2.3l □ 



3 Continuous Limit to Pn 

3.1 Continuous Limit on the Formal Level 

The continuous limit of "<7-Pu" to Pu involves the "quantum" to classical limit <7 — > 1 but in contrast to the trivial 
limits usually employed in basic hypergeometric series, i.e. making the substitution z i-> (1 - q)z and then setting 
^ — > 1, we have a completely different limiting process which is far from trivial and has not been studied much. 
Let us first rec all the formal Hmits of dP(A*,'*) eq.Q. 

Proposition 3.1. H26\l With the replacements 



F - ie 



-6w 



-lie ' 



-liq's 



eq. Q has a limit to Pu 



d w - 3 - 

— 7- - 2w + 2sw + T], 



(29) 



(30) 



as S ^ 0. 

Proposition B . 1 l ean be easily verified by noticing that 



, I d 6 d w 3 

w(q t) - w(s ±6) -w± 5 — w + ^ + 0{6 ). 

ds 2! fli-^ 



(31) 
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It is well-known that Pu eq.j30> admits the hypergeometric solutions for rj - 2N + I (N e. Z') I24I : 



d kn+i 

w = -—log , 

as kn 



dv 
ds 



dv 

ds 

d\ 
~d? 



(if- 



2N-2 



{N > 0), 



(A^ = 0), 



(ds) 

where v satisfies the Airy equation, 



dv 
ds 



M-\ 



dv 
ds 

d\ 
~d? 



/ ^ \M / ^ \2M-2 

\ds) ^ \ds) ^ 



(N ^-M < 0), 



ds^ 



The general solution to eq.(0?l is given by 

v{s) - CAi(e^s) + DAi(e"^s), 
where C, D are arbitrary constants and Ai(.s) is the Airy function defined by 

1 r"" 

Ai(i) = — e5«'+'™ du. 
Proposition 3.2. Under the substitutions ea. \29i and with 

i^(f) = e 2 '"SI v(t). 



(32) 



(33) 



(34) 



(35) 



(36) 



(37) 



the hypergeometric solutions to eq.^ for a — q^'^'^^ (N e Z), eqs.^, AlSl and il4l yield, in the limit (5 — > 0, the 
hypergeometric solutions to Pn ea ASOl for rj — 2N + 1, eqs. i34l , i33l and i32l . 

Proof. Noticing that 

t^{q^^t) - ±i&^'^!v{s + 6), 
the linear equation eq.(|6j can then be rewritten as 



v(i + 6) + v{s -6) = 2e"^*'v(i) 



(38) 



which yields eg.lO^ in the limit 5 — > 0. We next consider the limit of t^v and the dependent variable transformation. 
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The determinant (A^ > 0) can be rewritten as 

v(f) 



Tn - 



e - '"SI 



iv(qt) 



f-'viq'^-'t) 



e¥f^/WA'-l)/2 



e¥gi ,-A'(A'-l)/2 



v{s - 6) 



v{s + 26) 
v(s + 6) 



v(s-{N-l)6) vis -(N- 3)5) 
o-n(s). 



vis + (IN - 2)6) 
v{s + (2N - 2>)5) 

v{s + (N- 1)5) 



so that 



We also note that 



Therefore we deduce 



F = 



i o-n(s)o'n+\(s + 6) 
q^ (TNis + 6)o-N+\{s)' 



(39) 



(TNis) = {-25') 



[kn + 0(6)] . 



1 F 1 
w = --log - = -7 log 
; 5 



l+5\^\og — ] + Oi5^) 
as kn 



= --r^og +0(5). 

as 



(40) 



The limit in the case of < can be verified in a similar manner □ 

Now let us consider the limit of the solution of the linear equation eq.©. The two linearly independent power- 
series solutions of the Airy equation ea.( l34> are given by 



1.4 g 1-4-7 , 

s s + ■ ■ 

6! 9! 



s 



2 4 2-5 V 2-5- 

- s s + s 

4! 7! 10! 



(41) 



However as is apparent from the series expansion of hypergeometric functions in eq.Q the application of the 
scaling changes of variables in eq.(l29ll does not yield any meaningful limit as (5 —> on a term by term basis. What 
is required is another representation of these functions and a uniform, possibly asymptotic, expansion with respect 
to the other parameters as q ^ 1 . This question has been addressed in 1251 and for the most part answered there. 

We discuss the continous limit of the hypergeometric functions [(pA ^ ;q, +qt \ in the next section. 



3.2 Continuous Limit of the Hypergeometric Functions 

There are three key ingredients in 1125 1 which are necessary to derive the final formula that we require. The first 
is a suitable integral representation for the i(pii ^ ;q,x\ function and this is the ^-analog of the Mellin-Barnes 



inversion integral. 

Proposition 3.3. ^ I25P The representation 



y 



(0 \ (q-q)^ 

\y I (y\q)cx, Jp-ioc 



^ ^- log X/ log? iylzq)o 

2m (z; q)oc 



(42) 



(y\ q)oo ^p- 

is valid for x,y eC, with \wLg(x)\ <Ti,y + q^" (n e Z>o), < p < 1 and < q < I. 

Remark 3.1. Proposition l3 . 3l follows by evaluating the integral on the contour described in Fig.l with the residues 

at z = q'" 



Res(z;g)-'^(-l)"^' ff , 
^=r" (q; q)„(q; q)oo 



n e Z>o, 



(43) 



and by deforming the path C appropriately according to Cauchy's Theorem. 
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Figure 1 : Contour for Proposition l3.3l 



The second ingredient is an asymptotic formula for the q'-shifted factorial (f; q)ca as q ^ I which is uniform 
with respect to t. Such expansions have only recently been studied and in particular by Meinardus 1 19 L Mcintosh 
ll6lll7l[T8l and the above cited work 1251 . Amongst all the essentially equivalent forms we choose the following 
statement: 



Proposition 3.4. H19\\25\\1W As a 1 the q-shifted factorial (t;q)oo has an asymptotic expansion 

1 1 °° B I d X'^"^^ f 

log(f;^)oo ~ ■ Li2(f) + - logd - f) + y f- —(\ogqf"-\ (44) 

log^ 2 ^—^{2n)\\dtl l-t 

for < q < I and uniform for t in any compact domain ofC such that |arg( 1 — 01 < ^- Here LiaCO is the dilogarithm 
function defined by 

Lb,„ = -r!2S<l^.„ = |;4. ,45, 

Jo " 

and B2n the even Bernoulli numbers. In the case oft — q we have H22V 

\og(q; q)^ = — + - log — ^ + C>(log q). (46) 
61ogg' 2 -log^ 

We next apply Proposition 13 .41 to the integral representation ea. (l42> . Noticing that g'-shifted factorials in the 
integral representation are rewritten by putting q - e as 

OV£^Ooo^-log.i-/log? ^ gl[-Li2Cv/z)+Li2(z)+logxlogz] ^ g^[log(l-i)-log(l-z)] X [1 + 0(e)], 
(z; q)oo 



and 

(y; q)oo 

we obtain: 



X [1 + 0(e)], 



Proposition 3.5. Let x,y e C and q = e ^ for e > 0. Then 

± f eMi°g-'°g-L,2(fHU2(z)]g^[iog(i-iHog(i-z)]^^xp^^(^)j^ (47) 
\y j 2m Jp_i^ 

where \ arg(x)| < n, Re y < p. 

Remark 3.2. We take logz on its principal sheet cut along (-oo,0] and Li2(z) on its principal sheet cut along 
(1, +oo). If x,y e (0, 1) then for z e (y,l) the argument of 

logxlogz-Li2(^) + Li2(z) (48) 

z 
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is zero. When z G C subject to 



|argz|<7r, | arg(l - z)| < tt, | arg^l - ^ j | < tt. 



that is we exclude the rays (l,oo), (-00, 0) and (Q,y), it follows that the argument of ea. J48l l lies in the interval 
(-n, n). The contour path given in ProDosition l3.5l is then just a simple path z-p + it (Re y < p < 1, f € (-00, 00)) 
satisfying these criteria and the requirement that the endpoints of the contour ensure the existence of the integral. 
If the contour is deformed then eq.j47t is valid if the contour does not cut across the ray {0,y). 

The third ingredient is the application of saddle point method to the Laplace type integral in ea.( l47t . In this 
problem two saddle points arise and can coalesce depending on the values of the parameters. Therefore we have to 
construct an asymptotic approximation that incorporates the contributions from both saddle points uniformly with 
repsect to their separation. A method for such an asymptotic expansion of this type of integral has been set out by 
Chester, Friedman and Ursell|2',"32"331. 

To illustrate the method, let us consider the integral 



- r< 

2m Jc 



where f{z) is analytic with respect to z, and g{z; d) is analytic with respect to z and the parameter d. We assume that 
there are two saddle points zi and zi which are determined from g'{z', d) - Q and that they coalesce when d - Q. 
The key of this method is to introduce the change of variable z — > m via the cubic parameterization 

g(z;d)^ -u^ -au+/3, (49) 



where a and /3 are determined as follows. Firstly differentiating ea.( l49> we have 

g'(z;d)^^M^-a. (50) 
du 

In order for ea. (l49t to define a single-valued analytic transformation neither ^ nor ^ can vanish in relevant 
regions. Therefore at the saddle points we have the correspondence 

_i 1 
z = Z\ <r^u = a^, z = Z2 <r^u = -a^, (51) 

which determines a and p as 

^g{z2\d)-g{zx;d), 2/3 ^ g(z2;d) + g(zud). (52) 

The transformation u - u(z; d) defined by eqs.(l49> and i52\ has three branches. However, it can be shown that 
there is exactly one branch which has the following properties 1 2_ J3J; (i) u - u{z;a) is expanded into a power 
series in z with coefficient continuous in d near c/ = 0, (ii) zi and Z2 correspond to and -a^ respectively, and 
(iii) near d - the correspondence z <-> m is 1 : 1 . 
We next expand f{z) in the form 

fiz)-£ = 2(/^,„ + qmu)(u^ - ar, (53) 

m=0 



and define the following integrals 

F„, = — f eHi"'-™)(M2 _ a)"' du, 
2m Jc 



m = 0, 1,.... (54) 

G„, = — r e^(5"'-™)(„2 _ a^u du, 
2m Jc 
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Here C is the image of C by the transformation given by eqs.j49> and \52\ . By using recursion relations for F„ 
and G,„ obtained by partial integration, the expansion of / can be written in the form 



/ = e^ 



where 

and y(/l) is the Airy integral 



flo = pq, bo = -qo. 



V(A) = f e-^"'-^"du. 
The coefficients po and g'o ai^e determined by putting z - Zi, u - and z-Z2,u- -a^ in eg.dSSt as 



(55) 

(56) 
(57) 



1 



Po 



/(^l)|$) +/(^2) 



2ai 



/(^i)br -/(^2)hr: 



(58) 



Prellberg [ 251 has applied the above expansion to the integral representation ea. J47t to obtain its leading behaviour 
as e — > for < x,y < 1 as follows: 

Proposition 3.6. 1251/ Let < x,y < 1 and q - e"^ with e > 0. Then as e ^ Q we have 

. p ^ [Li2 tv)- ^ ;r2 + i log X logy] 



where the auxiliary variables are 



In 



V^d-y) 

X [poe^ Ai(Q'e"^) - q^e^ Ai'(ae'^)j [1 + 0(e)] , 



^a^''^ = log X log 



'Zm - "V^ 



with 



and 



\Zm + 

1 +y - X 



+ 2Li2(z„, - yfd)- lUliZm + VJ), 



d^z„-y. 



PO 



1/4 1 -x-y 



1/4 



(59) 



(60) 



(61) 



(62) 



Remark 3.3. Errors in the statement of this result as given in [25] have been fixed, in particular the sign of the qo 
term in ea.( l59> and the factor of 2 in the denominator of po in ea.( l62l l. 

In our case, the parameters are given by 

e=y, q^e'~, y = -e"~ = -1 + y , x ^ +qt ^ +2ie'^^ ^~ ^ ±(2i - is6^ - i6^ + ■ ■ ■), (63) 



and unfortunately, they do not match the assumptions of Proposition 13.61 Therefore we have to consider the 
extension of ProDosition l3.6l for our case, taking care of the multi-valuedness of the integrand. We fix the branch 
of log and fractional power functions as 



m i m \ mm 

logz = In \z\ + ;Arg z, -n < Arg z <n, z~ - exp ( — logzl = |z| " e" 



iArg z 



Note that log(ZF) = log X + log Y and log(X/ Y) = log X - log Y are valid only mod 2ni. 
Substituting ea.( l63> into ea. J47> and expanding the integrand with respect to 5, we obtain: 
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Proposition 3.7. With the substitutions eq.(l6jt we have as 6 ^ 

"^'{-q ' ^'^') ^ i J^'"°"e^^^<^'A(z) dz X (^j' e^K"^'') X [l + 0(6')] , (65) 



where < p < 1 a«d 

g_(z) = Li2(z)-Li2(-ij + log(2/e-^)logz, (66) 

f4l) = g-^log(l + l)-^log(l-zHogz^ ^gy-j 

g+(z) = Li2(z)- 02^-^1 + log (-2/e-'^)logz, (68) 

f^{z) = e-j'°s(i+0-ii°g(i-^H°g<-. (69) 

Let us take the case of x - -qt and apply the saddle point method to eas. (l64t . and The saddle points 
Zj"-* and ' are determined by 

log(l-z) log(l + i) log(2/e-^) 



which yields the quadratic equation 



Therefore the saddle points are given by 



z2+2/e-*z- 1 =0. (71) 



z^^'^^Zm-D, z^^-ie-"^, D^^zl + 1, (72) 



or expanding in terms of 6 we obtain 



IS 'j \ S^ n 

Zm^-i+-5^ + ■■■ . D^s^-S- —6' + ■■■ , (73) 
z'^'^ ^-i + sh+^-^d^ + ■■■ , z^~'^ ^-i- sh+^-^d^ + ■■■ . (74) 



The quantity a is calculated by using eq.(|52} as 



3 



= Li2 (Zm -D)- Li2 iy- ^ + log (2/e "2 j log(z„, - D) 

-U2 izm + D) + Li2 j^^ j - log (2ie"'^ ) log(z„, + D) 
= 2 [Li2 {zm -D)- Li2 (z,„ + D)] + log (2/6""^) [log(z;„ - D) - log(z„ + D)] 



= -s^-6' + 0{6^) 
3 

where we have used = -(Zm + D). Therefore we conclude 



2--st"-^6^ + 0{5^). (75) 
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We can derive this for s in the sector -n < Arg(i) < 7t/3 but it actually holds without this restriction. The 
reason for this is that i^i is an analytic function of f e C and therefore of i 6 C. Consequently the leading 
term of the expansion of ii^i as 6 — > is analytic with respect to s as the remainder terms can be shown to be 
uniformly bounded in s under this limit. Let us next compute po and q^) according to the formula ea.( l58> . From 
the correspondence 



z = z 



(-) 



-i + s'-6 -\ 6 + 



(-) ■ - c ^ c2 

^ 2 



•l 

,(-) 



-2-^s--e-6 + 0(6^) 



we obtain (dz/du) ^ (-) (-> as 



^du[-^^ 
d6 



S2 + is6 + 0(6^) 
2-5 iie? +0(6^) 



6-0 



(dZ2\ 

\ d6 )s-.o 



^du^^ 
d6 



-S-- +is6 + 0(6^) 
-2-5 516? +0(6^) 



^ ih-'i (\ - ish + 0(6'-)) . 



d~0 



Substituting ea.( l74> into ea.( l67> we have 

f(z[^) = 2-^e7 (^l-is'id + ■■■), fiz^^^) = 2-5e7 (l + ish +■■■), 

from which we obtain 



1 
2 

2af5 



dz 



du 



dz 



du 



dz\ 
duj 



dz\ 
du) 



2-seTi +0(5^), 
= + 0(6). 



We compute /? by using eq.(l52li as 



2/3 = g(z^;^) + g(z';') 

= Li2 (Zm -D)- Li2 ^- ^ + log^2;e"T" jlogCzm - D) 

+ Li2 (z„, + D) - Li2 ^- ^ ^^ j + log j log(z,„ + D) 

= log (2(6-"^ ) [log(z„ -D) + log(z,„ + D)] , 



which yields 



l5^-—\n2+ — + —s6^ + 0(6^). 
2 4 4 



(76) 
(77) 



(78) 



(79) 



Remark 3.4. The multi-valuedness of the integrand has a critical effect in the calculation of fi. One might compute 
j3 from ea.J78> as 

213 = log (2/e-'^ ) [log(z„ -D) + log(z„, + D)] = log (2/e-'^ ) log(z„', - D^) 

= logp-e--]log(-l) = -;r/(ln2 + - - — ), 

but the second equality does not hold in general (in this case it is accidentally correct). In fact, the same procedure 
for the case of x - qt yields wrong result. 
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Let us finally consider the image of integration path C : z — p + it (-00 < f < 00) in the w-plane. From the 
identity of dilogarithm l 1 41 1^ 

Li2(z) = -Li2(-) - Ulogzf + TT/logz + ^, (80) 
z 2 3 



we see for t 



11, 7T^ 

g-ip + it) ~ Li2(p + if) = -Li2( -)- -(log(p + /f)) +7r;log(p + /f) + -r 

p + It 2 3 

~ -i(log|f|)2±^log|f|, f-^+cx,, (81) 



therefore 



u(p + it)~(3g-(p + it))^ ~e^-\-(log\t\r\ , f ^ +00. 



This gives the integration path C as ooe O ^ ooe?, which implies V(A) - Ai(A). Closer investigation shows 
that the mapping given by ea.( l49> is regular and 1:1 in the domain including C. 

Collecting the above results and performing similar calculations for the case of jc = qt, we obtain the following 
asymptotic expansions from ea.dSSt: 

Proposition 3.8. With the substitutions ea. ll29l we have as 5 

^V^,-^fj = 2J-6-h'f^"^^^'^^^[Aiise^) + Oi6^)\, (82) 
^ V ^,^rj = 27r^(J-^e?^'"^"S^-§ [Ai(re"^) + 0((j2)], (83) 



for s in any compact domain ofC. 

Now we are in a position to deduce the limit of the general solution to eq.(|6j. From eas. J37> and Q we note 

that 

_Hlog- / \ iiiHil / \ 

v(t)-Ae 2 1"s?j9JjI _^ ■,q, -qtj + B e'- 'oei lifii _^ ;q,qtj, (84) 
for arbitrary <7-periodic functions A, B. Observing that 

Q^2\n,^Q^\ 2/2* X [1+0(5)], (85) 



we find that the i-dependence in the exponential pre-factors of eas. (l82> and ( I83> cancels exactly. Therefore we 
finally arrive at the desired result; 



Theorem 3.9. We have as 6 ^ 



v(f) = 2,/- 



A e^F i2Ai(e3s) + Be ^ '2Ai(e 35) 
for s in any compact domain ofC and constants A,BeC. 



X [1+0(5)], (86) 



4 Concluding Remarks 

In this article we have considered the q'-Painleve equation dP(Ag '), eq.Q, and constructed its classical solutions 
having a determinantal form with basic hypergeometric function elements. We have also discussed the continuous 

limit to Pu. In particular, we have shown that hypergeometric functions i<fi\^ ' ^' ^^^j ^'-'^^^^^Y reduce to the 

Airy functions Ai(e=^T) by applying a generalization of the saddle point method to their integral representations. 



14 



We first remark that Pn eq.j30> admits rational solutions for rj - 2N (N € Z) which can be expressed in terms of 
a specialization of 2-core Schur functions ll II . Such solutions are obtained by applying Backlund transformations 
to the simple rational solution that is fixed by the Dynkin diagram automorphism. One would expect similar 
rational solutions for eq.Q, however Masuda has shown that there is no rational solution fixed by the corresponding 
Dynkin diagram automorphism II15I . This implies that it is not appropriate to regard eq.Q simply as a "<7-analog 
ofPii". 

Secondly, we observe an asymmetry in the structure of determinant formula eq.(ll3>: the shifts in t of the 
entries are different between the horizontal and the vertical directions. It might be natural to regard this structure 
as originating from the asymmetry of the root lattice. Actually in other cases where this situation arises, such as 
theAg'' surface("^-Piv" and "^-Pin", (A2 + Ai)")-symmetry)[10 llA*^^^ surface("^-Pv", *-symmetry)[5 1 orA*'' 

surface("^-Pvi", d1' * -s vmmetrv^ 1311 . the determinant structure is symmetric. Such an asymmetric structure of the 
determinant is known for several discrete Painleve equations - one example is the "standard" discrete Painleve II 
eauation L27..13J 

_ {an + b)x„ + c 

x„+i + x„_i , (0/; 

where a, b, c are parameters. Equation (I87> may be regarded as a special case of the "asymmetric" discrete Painleve 
II equation^ ^29, .23. .28] 

_ (an + b)x„ + c + d(-ir 

Xn+\ + X„-i - T , (^88) 

1-4 

when d -0, which is actually a discrete Painleve equation associated with the D*'' surface and arises as a Backlund 



transformation of the Painleve V equation (Pv). Therefore the hypergeometric solutions for (ISSt are expressible 
in terms of the Whittaker function and are the same as those for Pv l28l . However, the hypergeometric solutions 
for ea.( l87> are quite different; the relevant hypergeometric function is the parabolic cylinder function and the 
determinant structure has the same asymmetry as that for dP(Aj^'') eq.([l). A similar structure is known for the 
"standard" discrete (g'-)Painleve III equation (dPm '1 127111 21 

Xn+lXn-l _ (Xn ~ Ciq")(x„ - C2q") ^^^^ 

did2 (x„ - di)(x„ - d2) 

and the g'-Painleve VI equation (q-Pyi) )S||29I . 

_ a3a4(z„+i - biq")(zn+i - biq") 

^^^^^^ ^ b^b,{y„-ayq''){y„-a2q") ^ ^ " ' (90) 

(Jn - ai){y„ - 04) 

where a,-, bi (i - 1 , 2, 3,4), cj and dj {j - 1 , 2) are parameters. The hypergeometric solutions for ea.(l90> are given 
by the basic hypergeometric series 2^1 113 II while those for eq.(l89> are given by Jackson's ^-Bessel function! 12|. 

Thus the results of our study sheds some light on the "degenerated" equations such as eas. (l87> or ( I89> . They 
are not just special cases of the original "generic" equations. Our results imply that putting li = in ea.(l88> is not 
just killing the "parity", but causes qualitative change of the root lattice which in turn results in different hyperge- 
ometric solutions and an asymmetry of the determinant formula. Therefore they should be studied independently 
of the "generic" discrete Painleve equations in the Sakai's classification! 30 1. 
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